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Abstract

Numerical and experimental studies of the dynamics of bubbles coalescence is
reported. The numerical method based on the PLIC-VOF methodand our advec-
tion and surface tension algorithms has been applied to analyse the effect of surface
tension and convective terms of the Navier-Stokes equations on air bubbles' coa-
lescence in a quiescent water column. Experimental and numerical results show
a mechanical attraction between both bubbles' interface before the coalescence.
We analyse the effect of the type of discretization of the convective terms of the
Navier-Stokes equations on the shape of bubble after the coalescence phenomenon.
Numerical results are in agreement with the images of bubbles' coalescence of
our experimental device recorded by a camera. Some images show obviousness
bubbles' coalescence characterized by an intense liquid jet within the following
bubble. keywords: Two-phase �ow, PLIC-VOF, Bubbles' coalescence, Bubbles
deformation, Interface tracking

1 INTRODUCTION
The knowledge of two-phase �ows comportment is of great importance in various
process ranging from engineering applications to environmental phenomena. The
presence of air bubbles in hydrodynamic systems often reveals many undesirable
phenomena as early erosion, loss of ef�ciency or �ow irregularities. Theoritical
study of two-phase �ow are carried out to analyse the interface behaviour of one
or more air bubbles moving in a liquid. The dynamic and deformation of the
liquid-air interface is commonly analysed by Volume Of Fluid (VOF) methods.
These methods are widely used for two-phase �ow simulationsand ensure good
agreement between numerical and experimental datas [4, 5, 6, 7]. The use of a
colour function F allows to localize liquid-air interface by the spacial variation
of its values ranging from 0 to 1. The reconstruction of the interface is deduced
from F values and geometrical assumptions [3, 8]. The numerical Piecewise Line
Interface Construction (PLIC-VOF) method is one of the moreaccurate and less
numerically diffusive [2, 3, 11, 13]. The tracking liquid-air interface is associ-
ated with an advection equation of which the resolution is carried out with other
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geometrical assumptions [8, 16]. A robust and accurate algorithm of resolution
of the Navier-Stokes equations is necessary to determine the complex topological
changes of the interface. The projection algorithm ensuresthe computationnal ef-
�ciency according to the advection equation by using of Courant-Friedrichs-Levy
(CFL) condition [8, 12]. The most widely used approach, based on the CSF (Con-
tinuum Surface Force) model developped by Brackbill et al. [1], allows to consider
the surface tension contribution for the interface movement. These methods allow
to describe shape evolution of the interface. In this article an improvement of
the numerical model used for the simulation of two air bubblecoalescence with
PLIC-VOF method is presented. A new curvature technique calculation for the
CSF model is developed to analyse the surface tension contribution in the Navier-
Stokes equations. A new advection algorithm is implementedwhich ensure more
mass conservation and better agreement with Rider& kothe advections tests [14]
than previous algorithm [16, 8]. Results are presented by a succession of images
of the shape evolution of the interface during the coalescence. An experimental
study is also presented to improve numerical results.

2 PROBLEM FORMULATION
Let us consider two spherical air-bubbles rising through a quiescent water in a
rectangular column (Fig.1). The water and the gas are assumed to be isothermal
and incompressible and the coalescence two dimensionnal. We used 2D cartesian
coordinates, because our numerical code must be able to analyse in a quiescent
water column, bubbly moving up and bubble's coalescence which can be out of
line. The initial shape is de�ned spherical for the both bubbles and the effect of
the initialization on the coalescence phenomenon has not been investigated.

The interface motion is computed by solving the advection equation, where the
colour function, commonly noted C or F indicates the volumicfraction of liquid,
ranging from 0 to 1 within the numerical domain. The PLIC-VOFmethod is a
tracking interface method which reconstructs the interface by a segment of straight
line within each calculation cell. This method is of second order accuracy, less
diffusive than previous methods [11, 2]. Moreover it allowsa better mass conser-
vation. The density and viscosity properties are then deduced from the following
expressions:

� = � l F + (1 � F ) � g (2-1)

� = � l F + (1 � F ) � g (2-2)

where the subscripts l and g respectively indicate liquid and gas phases.

2-1 Interface tracking algorithm
The time evolution of the interface topology is deduced fromthe advection equa-
tion given by:
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Figure 1: Quiescent water column



in which F represents the colour function and~V the local �ow velocity. We devel-
opped a new advection algorithm which allows to integrate F in time. The resolu-
tion is based upon geometrical hypothesis which ensures theinterface's integrity
and �ux mass conservation. New straight lines are reconstructed in staggered grid
corresponding to each face of the main cell. Within each staggered cell, an ad-
vected surface is determined which correspond to mass �ux across the main cell
face. The advection equation is implemented as shown on Fig.2,:
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Figure 2: Advection algorithm
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The subscripts m,n,w,s and e represent respectively the time step, and the faces
of each cell designated by its cardinal points from the cell center 'north', 'west',
'south' and 'east'. The velocities of the main cell are notedon each face by the
same subscripts. This algorithm allows to preserve mass conservation, and the new
interface de�ned from staggered grid leads to a more accurate calculation of the
new advected values ofF m +1 .

2-2 Mathematical model
The motion of the two bubbles are described by the Navier-Stokes equation which
is written in a non dimensionnal form as :

~r :~V = 0 (2-5)
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in which R0 represents the radius of drop or bubble,
 denote the inner product
tensors,� and� the �uid properties, P the pressure and~g the gravity �eld. < e and
Bo are respectively Reynolds and Bond numbers. For better convenience, the? is
omitted in Eqs.2-6. These equations are then discretised with MAC method on a
�xed grid.

2-3 Surface tension contribution
The last term of equation (2-6) is the surface tension force~Fsv which is modelled
by the continuum surface tension force (CSF) developed by Brackbill et al [1].
The surface force is transformed into volumic force by usinga delta Dirac function
centered on the interface. The surface tension force is expressed by the following
relation:

~Fsv = ��� s~n (2-11)

in which� represents the surface tension,� s the delta Dirac function,~n the normal
vectors to the interface and� the curvature:

� = � ~r s :~n (2-12)

This curvature is the surface divergence of the normal to an interface surface ele-
ment. The normal vectors is determined by the non dimensionnal gradient of the
colour function F. A smoothed colour function by convolution with a� � spline
kernel is commonly used to increase the accuracy of the normal and the numer-
ical calculus of the curvature. We elaborated a new numerical curvature calcula-
tion method to improve numerical calculation of the surfacetension's contribution,
without using a smoothed colour function by CSF. This methodbased on the def-
inition of two dimensionnal surface divergence and the calculation of the normal
vector on each face and at a corner of a cell gives the curvature and super�cial
tension force values more accurately.
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in which S is the length of the interface. The relation 2-13 isnumerically approxi-
mated by the following expression :
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in which nxa ; nxb ; nya andnyb are the normal vector when the positions are the
nearest of thoses coordinates a and b, de�ned on the outline of the cell (Fig.3).
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Figure 3: Curvature calculation

2-4 Projection Algorithm
The projection algorithm based on a discretization on MAC cell (Fig.4) allows to
solve accurately the Navier-Stokes equations. The �rst step of this algorithm is
the calculation of an explicit velocity. The �nal velocities are determined from the
solenoidal nature of velocities by solving a Poisson equation of pressure correction,
according to the following equations:
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the new velocity~~V is de�ned by:

~~V = ~V +
� t
�

~Q (2-16)

and the Poisson equation for pressure correction~P is given by:
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with

~P = P m +1 � P m (2-18)

the pressure correction system is solved by the conjugate gradient method with an
incomplete Cholevsky preconditionning [8, 12].
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Figure 4: Control volume or MAC cell

3 EXPERIMENTAL STUDY
A parrallelepipedic glass column with a square section of 15cm sides and of 120
cm height is �lled with water to 100 cm height (Fig.5). The water temperature is
not controlled. So, it depends on the transfers with the ambient medium. Air is
injected with a weak pressure (� 1:2 � 105P a) through a PVC tube with a diam-
eter section of 2 mm which is immerged in the water with an air injector situated
at the bottom of the column. Two air-valves placed respectively here and there
the injector allow to reduce or increase air pressure insidethe immerged part of
the tube as convenience. When the pressure is superior to hydrodynamic pressure,
bubbles appear in the quiescent water. The system allows to control with relative
accuracy the bubbles' production.
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Figure 5: Experimental system

Bubbles and bubbles' coalescence are recorded with a cameraCanon EOS D60
with an exposure time equal to 1/4000 s. The ISO speed rating is 800, The F-
number is 3.5 and the focal length is 100 mm. The initial size of the picture is
3072x2048 pixels which allows to see on photos, details lessthan millimeter. The
depth of �eld of our camera is less than 100�m , so we have a great quality of
photos.

The production of bubbles is continuous and the coalescences are induced by
the rise of different bubble. The size of the bubbles is measured with a reference
which is represented by the injector thickness (Fig.6).

4 RESULTS AND DISCUSSION
Several photos were registered during four hours, each of them allows to describe a
type of coalescence (Fig.7). Photos reported on �gures 6 and7 a) represent strange
bubbles' coalescence in which a liquid jet appears within the bubble. We consider
that before the coalescence, the following bubble velocityincreases because of
the low drag forces induced by the wake effect of the leading bubble. However
the immediatly neighbourring liquid on the bottom of the bubble still have inertia
and its velocity is more important than those of the gas. Consequently the bottom
interface of the �nally bubble produced by the coalescence is pushed forward. For
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Bubble size D= 5.7 mm

Figure 6: Coalescence between two air-bubbles rising in a quiescent water

high velocity, this may cause a liquid jet within the bubble.
Different types of coalescence are presented on �gures 7 b),c) and d). Our

experimental device cannot control the reproductibility of the coalescence shape
and several parameters as temperature, �ow velocities, composition of water or
injector outlet pressure must induce different coalescences. Each image represents
various local parameters and it is very dif�cult to caracterize. However, most of
these images (Fig.8) seem to show a mechanic interaction between both bubbles
before coalescence. Each image, shows that there is an interface attraction during
somme milliseconds before coalescence phenomenon (Fig.8). The coalescence of
two bubbles carried out very quickly. So, we cannot deduce any pertinent com-
ments of these observations. However, simulations carriedout with our numerical
code lead to some coalescence in agreement with our experimental data (Fig.9).
Simulations were carried out with three bubbles regards of recorded photos, for
different Reynolds number ranging from 10 to 2000, and for several Bond number.
The ratio between air and water density and viscosity was respectively equal to 892
and 34. These values correspond to a water temperature equalto 40� C. The water
temperature is superior to the ambient because of the light source used to light the
water column which is necessary to increase the photos quality. The water and
air densities values used in our simulations are respectively equal to 992.22 and
1.112kg:m � 3 , the water and air viscosities are653:25 � 10� 6 and19:2 � 10� 6
kg:m � 1 :s� 1 and the surface tension value is� = 0 :06973N:m � 1 . The radius



of bubbles are initialized toR0 = 0 :00275m for each bubble regards to �gure 6.
Each result of the simulation shows the presence of interface attraction between
two bubbles at the same instant evaluated tot = 70� t . The Reynolds and Bond
numbers variation induce a modi�cation of the interface topology during and af-
ter bubble coalescence and may produce different type of bubbles' coalescence
comportment.

Our numerical code is able to simulate the rise of two air-bubbles by buoy-
ancy forces and their coalescence led by the wake effect. However, some of
our results are not in agreement with those of the photos, because experimental
conditions are not well de�ned. We noticed that the discretization of convective
terms of the Navier Stokes equations induces different typeof coalescence bubble
and interface topology. For instance, for an initial distance between two bubbles
D=0.33R0 (Fig.11), we used convective terms discretization based onMAC cells
(Fig.4). Therefore, any derivative of a �ux� may be written as
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In which � and� represent the contribution of neighbouring cells. So, there is a
different discretization for each values� and� . The discretization reported in (4-
1) is obtained for a couple (� ,� )=(0,1). For a couple (� ,� )=(1,2), we used Young
& Parker method for the calculus of normal vectors which is thegradient of the
colour function. The variation of�; � values corresponds to different comport-
ment of the bubbles coalescence. So these values induce different shape at the end
of the coalescence. The �gure 12 presents the bubble shape after the coalescence
for different couple (� ,� ) and a non-dimensionnal time step equal to 0.0002. Nu-
merical results are considered at the same instant, t=600� t. The images show that
results are depending of the different type of discretization of the convective terms
of the Navier-Stokes equations. After the coalescence, experimental images show
that the water penetrates by the bottom of the bubble. Simulations lead to the same
phenomenon with the use of an adapted convective discretization regards to �gure
12 and 10.

5 COMMENTARY
Figures 12 shows the effect of the type of discretization on the shape of bubble
coalescence. Consequently the use of MAC sheme must be improved to take ac-
count of the impact of the discretization of the convective terms. We observe that
any type of numerical code, at our knowledge, may simulate correctly air bubble
coalescence, because of various unknown initial parameters and unknown phe-
nomena. In the same way, it is very dif�cult to produce the same experimental



conditions of air bubbles' coalescence in water. Our numerical study is based on
the hypothesis of a quiescent water. This condition seems tobe impossible to
realize experimentaly. Furthermore, it is dif�cult to caracterize numericaly and
experimentaly the beginning of the bubbles' coalescence. In fact, the coalescence
phenomenon induce, the knowledge of various initial parameters wich are very
dif�cult to de�ne experimentaly. So we cannot conclude thatour numerical code
leads to a better accuracy in the case of bubbles' coalescence. Moreover, we do
not applied our numerical code for different initial bubbles shapes. In the study
of bubble?s coalescence, the initial shape is usualy described with a circular form.
For instance, the �gure 6 shows that any initialisation may produce intense liquid
jet in the bubble. This may be due to an incomplete mathematical formulation or
chaotic experimental condition.

6 CONCLUSION
Numerical and experimental studies of air-bubbles coalescence in a quiescent wa-
ter has been carried out with an accurate and robust numerical method. Experimen-
tal and numerical results are in good agreement. The numerical study concerns the
interface attraction before bubble coalescence. Therefore, the effect of the convec-
tive terms discretization of Navier-Stokes equations on the comportment of bubble
coalescence have been investigated. Results show that the liquid jet intensity under
the bubble produced after coalescence depends on the type ofdiscretization of the
convective terms. Any intense liquid jet during the coalescence may be produced
numerically.
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Figure 7: Experimental visualisation of coalescence between two air-bubbles
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Figure 8: Attraction phenomenon before coalescence
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Figure 10: Shape after coalescence
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Figure 12: Dependance of discretization couple after coalescence


